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Abstract

Manifold mosaicingis a fast and robust way to summa-
rize video sequencesaptured by a moving camea. It is

alsousefulfor renderingcompelling3D visualizationdrom

a video without estimatingthe 3D structure of the scene
However, sincethe resultmosaicsare not perspectiveim-

ages,their geometryis inherently distorted. Thesemosaics
are commonlyreferred to as multi-peispectiveimages, or

multi-perspectivanosaics.

In this paperweaddressthefollowing question:Givena
videocapturedby a moving camen, whatis the bestmulti-
perspectivemosaicthat can be geneatedfromit? Whatis
the mosaicwith the bestcombinationof large eld-of-view
and minimal geometricdistortions? We de ne the neces-
sary conditionsfor a good mosaicand a quantitive crite-
rion for the geometricdistortions,and derive analytically
the optimal mosaicunderthis criterion. Resultson video
sequenceson rm that indeedthe optimal mosaichassig-
ni cantly betterquality thanthosegenemtedby othertech-
niques.

1. Intr oduction

Manifold mosaicing[8, 9] is a robust way to generatea
panoramiémagefrom avideosequenceapturedy amov-
ing cameraThetechniquds simple,implementedy past-
ing thin stripsfrom thevideointo thepanoramianosaidm-
age. Sincethe cameras moving, every strip in the mosaic
imageis capturedrom a differentviewing position. There-
fore sucha mosaicis calledamulti-perspectivg13,15] im-
age.

Multi-perspectve imageshave beenusedfor creating
compactrepresentationsf video sequencep, 16], for 3D
reconstructiorf13,17], photogrametrf2] andarerecently

This researchwas supportedin part) by the EU underthe Presence
Initiative throughcontractST-2001-39188BENOGO.

Currentaddress:ComputerScienceDepartment,ColumbiaUniver-
sity, 500 West120thStreetNew York, NY 10027

zomet@cs.columbia.edu

Figure 1: Typical distor tions in multi-per spective
mosaics. Image (a) is a part of a multi-per spective
mosaic, and image (b) is one of the input images.
Note the distor tion of the building and the trees.

becomingpopularfor 3D visualizationand image based
rendering7,10-12,15,18].

Figure 1 shovs an exampleof a multi-perspectie im-
age(generatedby the methodin [8]). Thereis anapparent
non-uniformdistortionof sceneobjects,dependingntheir
depth. The building andthe bushesare stretchecdhorizon-
tally, while thecarsareshrinked. Suchdistortionscannotbe
cancelledoy ary genericdepth-independentansformation
of theimage.

In this paperwe addresshefollowing question:Givena
sequenceakenby a calibratedcameramoving on a known
trajectory and an unknownscene whatis the bestmulti-
perspectie imagethat canbe generatedrom it? In other
words,which stripsshouldbe copiedfrom the imagesand



how shouldthey be pastedinto the mosaic,suchthat the
resultimagewill containthe maximalamountof visualin-
formationandminimal geometricalistortions?

We de ne the necessaryconditionsfor a good multi-
perspectie mosaicanda criterion quantifyingthe geomet-
ric distortions,andderive the least-distortednosaicunder
this criterion. The criterionis justi ed theoreticallyaswell
asempirically. It turnsoutthatthemosaicwith theminimal
distortionalsohasthe maximal eld-of-vie w.

Onemay wonderwhy usemulti-perspectie mosaicsat
all, sincethey are distorted. An alternatve to this would
be to createa perspectie panorama,by warping all in-
put imagesinto a commoncoordinateframe. The choice
of multi-perspectie mosaicccomesfrom practicalreasons.
Multi-perspectve mosaicsare generatedy a simple, fast
andremarkablyrobustalgorithm. On the otherhand,in or-
der to generatea perspectie panoramaga depthrepresen-
tation of the sceneshouldbe available. The estimationof
sucha representatiorirom a video sequences computa-
tionally demandingndhighly ill-posed(dueto occlusions,
re ections, transparenciestc.). By minimizing the distor
tionsof multi-perspectieimagesit is possibleéo generate
visually satisfyingimagewith minor geometricdistortions.
Thesedistortionsmay in mary casesbe practically negli-
gible, especiallyin comparisorwith artifactsin perspectie
panoramaslueto errorsin depthestimation.

The paperis organizedas follows: In Section2 we
presenta generalizedormulation of manifold mosaicing,
by allowing anarbitrarysamplingof verticalstripsfrom the
images. Each samplingfunction de nes a projectionge-
ometryrelatinga 3D point to a locationin the mosaicim-
age. In Section3 we de ne the necessargonditionsfor a
good mosaic,namelya large eld of view anda continu-
ousunique3D to 2D projection. In Section4 we de ne a
guality criterion measuringhe distortionin theimage,and
derive the optimal mosaicunderthis criterion. Examples
shav that mosaicsgeneratedy the optimal samplingare
signi cantly lessdistortedthanthe onesgeneratedby other
samplingmethods.

1.1 Manif old Mosaics

Manifold mosaicing[8, 16] wasintroducedfor the purpose
of generatinga panoramicrepresentatiomf a video. Ver
tical straightstripswere copiedfrom the centersof theim-
ages,and pastedinto the multi-perspectie mosaic. For a
recti ed cameramoving sidevays, the projectiongeome-
try of themosaiccanbe describedy thelinear pushboom
projectionmodel[2]: Parallel projectionin the cameramo-
tion direction,andperspectie projectionin the orthogonal
direction.

Manifold mosaicingwasalsousedfor 3D visualization
by selectingdifferentvertical stripsfor differentviews. A
stereopair of manifold mosaicsfor example,canbe gen-

eratedby collectingdifferentstripsfor the left-eye mosaic
andfor the right-eye mosaic. In [4, 7], onelocationwas
usedfor all the strips of the left-eye mosaic,and another
locationfor all the stripsof theright-eye mosaic. A differ-

entschemefor 3D visualizationwas proposedn [12,18].

By a simpleadjustmenbf the strip samplingfunction, the

authorshave generatedealisticwalkthroughsequencesf

multi-perspectieimages.

Thiswork wasinspiredby [5,11], whichdiscussall cam-
eratrajectoriedor generatingstereomulti-perspectie mo-
saics.We broaderthis discussionaswe arguethatthe set
of stereomosaicsshouldalsobe characterizedby the strip
samplingscheme.

Therehasbeensomework on manifold mosaicingwith
curvedstrips[9]. Theseareespeciallyusefulwhenthecam-
eratranslationhasa forward component.In this work, in
orderto simplify the analysis,we assumethat the image
planeis parallelto motiondirectionof the cameraandlimit
thesamplingaccordinglyto verticallines.

2. Sampling Functionsfor Mosaicing

Considera perspectie video cameramaoving continuously
on a curved sgmentwith its imageplaneorientationtan-

gentto the curve. Assumew.l.0.g. thatthe sgmentlength
is1,andlet beaparametedescribinghelocation
of thecameran theseggment.A multi-perspectre mosaids

generatedby selectinga verticalline in eachframe ac-

cordingto a samplingfunction , andpastingit into the

mosaic. denoteghelocationof theline sampledrom

frame . Let be the planejoining the cameracen-
ter of projectionatlocation to thesampledine . The

pastinglocationin themosaicis de ned by theintersection
of with themosaicmanifold. In casehecameramoves
on alineartrajectory this manifold is a plane. Otherwise,
the manifold is determinedby the cameratrajectory As

in [9], we setthe distanceof the manifold to be equalto

the cameras focal length,in orderto maintainthe vertical

resolutionof theimage.

It is assumedhatthecameranotionandinternalcalibra-
tion areknown, or wereestimatedrom thevideosequences
(For areview, see€[3]), andthatthe horizontal eld-of-view
angleof thecameras .

We rst analyzemosaicsgeneratedrom linear camera
trajectoriesand nd the optimal mosaicanalytically Two
usefulexamplesof samplingfunctionsfor linearcamerara-
jectoriesdepictedn Figure2, arethelinearsamplingfunc-
tion and a specialcaseof it, the constant
samplingfunction (where ). It wasshawn
in [18] thatin theformercaseall rayspasshrougha verti-
callinein theplane —,where isthetheplane
of the camerarajectoryand - ; in thelattercase,
this planeis atin nity .
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Figure 2: Mosaicing by (a) a constant sampling
function and by (b) a linear sampling function.

Generalsmoothtrajectoriesareanalyzedn Section4.2
usinglocalllinearapproximations.

3. NecessaryConditions for a Good
Mosaic

Let be the setof viewed scene
points,i.e. thepointsin front of the camera.

We de ne thefollowing necessargonditionsfor agood
mosaic:

Unique Projection: Every 3D point
jectedto a singlepointin the mosaicimage.

is pro-

Continuous Projection: Connectedsets of scene
pointsareprojectedo connectegetsof imagepoints.

Data Utilization: Stripsaretakenfrom all images.

A uniqueprojectionis importantfor avoiding duplicate
imagesof an objectin the mosaicimage. In Section3.1
we shaw that for linear cameratrajectories this condition
holdsif andonly if thesamplingfunctionis monotonicnon-
decreasing. In Section3.2we relaxthe uniqueprojection

lwithout loss of generality it is assumedhat the camerais moving
from left to right

(@)

(b)

Figure3: 3D object representation by mosaicing
with a monotonic decreasing function. Mosaic (a)
was generated by a linear sampling function, so
every point on the object is associated with a sin-
gle point on the image. Mosaic (b) was generated
by a non-linear sampling function, and as can be
seen, some scene points appear twice in the mo-
saic.

condition by allowing a set  of points of measure0 to
violatethe uniquenessondition.We shaw thatin this case,

mustbealine, andin casethe cameramovesonalinear
trajectory this correspondgo a linear samplingfunction.
An almost-uniqueprojectioncanbe usefulfor constructing
representationsf corvex objects.An exampleis shavn in
Figure3.

Therequiremenfor a continuougrojectionis obvious—
to avoid discontinuitiesn the mosaicimage.It follows that
thesamplingfunctionmustalsobe continuous.

The datautilization requiremenis importantfor ensur
ing maximal eld of view whenminimizing the geometric
distortion.

3.1 Projection Uniqueness

The projectionis uniqueif every scenepoint is projected
to asinglepointin the mosaicimage. A key obsenationis



thatthescengoints arein frontof thecameraHencethe
planes mustnot intersectin front of the cam-
erasfor ary . For a cameramoving on
a linear trajectory this implies that the samplingmust be
non-descendingionotonic

3.2 UniquenessExcluding a Setof Measure 0

Anotheruseful criterion relaxesthe requiremenby allow-
ing somepointsto violate the uniqguenesgondition; This
setof points is requiredto be of measuré (e.g. a point
oracurwe).If doesnotincludeary scengpoint,noscene
point would appeamultiple timesin the mosaic. As we
shaw bellow, this criterionimpliesthat is aline.

Theorem1 For any continuoussamplingfunction  if
thesetof pointsthatare notuniquelysampleds of measue
0, thenthis setis a line.

Proof: Theplanes intersectn aline , andall of
its pointsare sampledby both cameras . We will
shaw thatif therearepointsthataresampledby two cam-
erasthatarenot on this line, thenthe setof all suchpoints
is of measuregreaterthan0: For every , thein-
tersectiorof plane with plane canberepresented
by the dual Pliicker matrix:

(the planesare representedn homogeneougoordinates,
see[3] - page52). Since is continuousijt follows that
is continuousin . If thereexistsa pointnoton
that is sampledmore than once,thenit lies on a plane
for some suchthat
(i.e., and intersect in differentlines). Re-
fer to Figure 4 for illustrations. Considerthe union of all
lines of the form for (which areinter-
sectionsof the planes in this rangewith ). Since
is continuousit follows thatthis unionis a setof
areagreaterthan0 on the plane . Let denotethe
setof all pointson the linesassociatedvith for all
. Thenthe above canbe written as
Dueto the continuity of , thereexistsaninterval
for which holdsfor every . Therefore,
sinceall planes aredistinct, it follows that the union
is a setof volume greaterthan 0. Sinceit is con-
tainedin the setof all pointsthat are sampledmore than
once this setcannotbe of measurd. [ |

Result1 In the caseof linear camea motion,thesampling
functionssatisfyingthe uniquenessriterion up to measue
0 are eithermonotonicnon-deceasingor linear. (seeFig-
ure 3)

L*0,1)
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Figure4: lllustrations for the proof of Theorem 1

4. Perspectvity: A Measure for Geo-
metric Quality

We considerperspectie imagesto be non-distortedHence
thedistortionsin amosaicimagearemeasuredvith respect
to the closestperspectre image. In [14], a distortionwas
measureavith respecto theclosesperspectieimage with
thedistancale ned asthesumof distance®f matchingm-
agepoints. Sucha measurewhile visually compelling,re-
quiredknowledgeof the scenedepth. Sincein our casethe
scenedepthis unknavn, we comparethe 3D to 2D projec-
tionsratherthantheimages.Thatis, we would like the 3D
to 2D projectioninducedby the mosaicingmethodto be as
closeaspossibleto a perspectie projection. In a perspec-
tive projection,all raysintersectin a point. Hence,for a
multi-perspectre mosaicthe setof sampledaysshouldbe
ascloselybundledaspossible.We nd acenterpointthat
hasa minimal distanceo all sampledays,andwe measure
how smallthis distances.

First, we de ne thelocal perspectivitydistortion, which
implementsthe idea above locally, for a neighborhood
aroundan imagepoint. We thende ne a global perspec-
tivity distortionby integratingthelocal perspeciiity distor
tion on the entireimage. We selectedan additive measure,
so thatthe perspectiity of oneregion in the imageis not
in uencedby otherregionsin theimage.

We rst analyzethe caseof linear cameramotion. For
this case the leastdistortedmosaicis derived analytically
andit turnsout thatthe leastdistortedmosaicalsohasthe
widest eld of view. Non-linearcamerarajectoriesareana-
lyzedin Section4.2 usinglocal linearapproximationsThe
global perspectiity is minimized numerically using stan-
dardoptimizationtechniques.

4.1 Perspectvity: Linear CameraTrajectory

We consider only monotonic non-decreasingsampling
functions satisfying the necessaryconditions de ned in
Section3.

Given a samplingfunction , eachimagepoint is as-
sociatedwith a single ray. Let us denotethe intersec-
tion of the ray of imagepoint with the plane



sampled
ray

E
N -
& —
(X(P),Y(p):2)

Figure5: The relation between the local perspectiv-
ity distor tion and the error in estimation of the 3D
scene . See Section 4.1 for details.

by . We de ne the distortion of the sam-
pling function with respectto a candidatecenterpoint
in aneighborhood of imagepoint as-

@)

andthelocal perspectivedistortionat as-
)
The expressiongivenin (1) measureshe distance of
the ray from the candidatecenterpoint ,ona

plane,relative to thedepth  of that plane(seeFigureb).
The underlyingideais thatanimageis distortedif it is not
consistentwith a perspectie imageof a 3D scene. Con-
sidera scenepoint  at depth , which is projectedby a
ray whoseerroris . Werethe imageperspectie, this im-
agepoint would seemto be the projectionof a scenepoint

, andthe errorin the 3D scenewould be , suchthat

Theglobalmeasuref distortionis obtainedby integrat-
ing alocal perspectiity distortionontheimage. To cancel
the effect of the proportionsof the neighborhood , we de-
ne the global perspectivitydistortion of a givensampling
function asfollows:

®3)

where is a referencesamplingfunction which can
bechoserarbitrarily, and is integratedovertheimagedo-
main . For simplicity, we
chooseahereferencesamplingfunction

Theorem2 The global perspectivedistortion of a linear
samplingfunction is -

(4)

whee are de ned in Sec-

tion 2).

is the image area( and

The proof of thetheoremabove is omitteddueto space
limitations,andis givenin [1].
A directresultof thetheoremabove is thefollowing:

Result2 The global perspectivity distortion of a linear
samplingfunction with is mono-
tonic deceasingin . Themostdistortedlinear sampling
is theconstantsampling

Notethatthedistortionof alinearsamplingfunctionde-
pendsnly ontheslopeof thefunction. Now let usstudythe
generalcaseof continuousnon-decreasingamplingfunc-
tions:

Theorem3 Givena continuousnon-deceasingsampling

function , let us denotethe linear samplingfunction
which agreeswith at and as Cf
, then

In orderto provetheabove,we rst proveit for apolyg-
onal samplingfunction, i.e., a function for which the

interval canbedividedinto sggments

suchthat is linearin eachsegment

Lemmal Givena polygonalsamplingfunction anda
linear samplingfunction sud that and

 if then

Proof: The idea behind this proof is that by eliminating
nodesin the polygon, the global perspectiity distortion
doesnot increase.For ary , we eliminatethe node by
de ning a polygonalsamplingfunction whichagrees
with everywhereexceptfor the sggment ,
in which it is linear As shawn in (4), the distortion of a
linear samplingfunction is proportionalto the areaof the

imageandto —— . We denotethe slopesof in
segments and by and ,respectiely,
andthe slopeof in as . Thecontribu-

tion of eachsegmentto the global perspectie distortionis
proportionalto its length,andtherefore,
if andonly if

It canbe shawn thatthis inequalityalwaysholds,andthat
it becomesanequalityif andonly if ,i.e.,if

By repeatedlyapplyingtheresultabose on  we obtain
, and only if |
Now we canproceedandprove thetheorem:

Proof of Theoem 3: For ary , we divide the
interval into segments and approxi-
mate with a polygonalsamplingfunction such



that for all
segment

, and is linearin each

From Lemmal it follows that

. Sincethisis truefor all , andsince

is continuousit followsthat . [ |
CombiningTheorem3 with Result2, we obtain:

Result3 For acamer moving sidevayson a straightline,
thesamplingfunctionwith theminimalperspectivitydistor
tionis . Thislinear sampling
function starts with the leftmostcolumnof the r stimage
and nisheswith therightmostcolumnof thelastimage

4.2. Perspectvity: Non-Linear Trajectory

In orderto handlenon-linearcamerarajectoriesye de ne
thelocal perspeciiity (Equation2) basedon a local linear
approximationof the cameratrajectoryanda local planar

approximationof the manifold. For eachframe , where
, We computeadiscreteversion
of thelocal perspectiity (equatior?) overasetof  neigh-

boringframes andminimizethe sumof the

discretdocal perspectiities:

(5)

To nd the minimum of (5), we discretizethe strip loca-
tions. Note thatthe local perspectiity is de ned
by nding anoptimal centerof projectionfor eachcombi-
nationof rays. Computingthesecentersof projectionsfor
all possiblesamplingfunctionsandfor alarge  is compu-
tationally intractable. This canbe circumventedby select-
ing , in which casethelocal distortion was
derivedanalytically asit correspondso thelinear perspec-
tivity asde ned in theorem2. Once is computed
for all pairsof views, we usebelief propagatiori6] to nd
the optimum of equation5. The compleity of this algo-
rithmis linearin thenumberof frames,andquadratidn the
numberof possiblestrip locationsin eachframe.

5. Results

Figure8 shaovs mosaicingresults,usingdifferentsampling
functions fromvideosequencesapturedy acameranov-
ing on a linear trajectory We comparethe optimal sam-
pling function with the constantsamplingfunction (lin-
ear pushbroommosaicing),and with a non-linearmono-
tonic samplingfunction satisfying
and . This demonstratesvo main results
of this work. First, amongall linear samplingfunctions
, the least distortedresultsare achieved
with themaximal (comparerigure8-bvs. 8-c). Second,
amongall monotonicfunctionsalignedat the edgepoints
, the optimal samplingfunction is the linear one
(comparerigure8-bvs. 8-d).

Figure 6 compares stereomosaicgeneratedy a con-
stantsamplingfunction(asdoneby [4,7,11,17])to onegen-
eratedby theoptimallinearsamplingfunction. Notethatin
additionto thedistortionsin theimage thereis adistortions
in thedisparitywhichis largerwith the constansampling.

As for non-linear cameratrajectories, we computed
the least-distortednosaicsfor variouscameratrajectories,
someexamplesof which areshovnin Figure?. In all cases
we testedtheleastdistortedmosaicwasobtainedwvhenthe
projectionraysintersectin aline, asin [18].

Onepracticalcaseof a non-lineartrajectoryis whenthe
cameramoveson a circulararc. We examinedvisually the
differencedetweertheleast-distortednosaicandmosaics
generatedby constansamplingfunctions[7]. Variouscon-
stantsamplingfunctionswere comparedgachwith a strip
takenfrom a differentoffsetfrom the center Theleastdis-
tortedmosaicin this caseis a Crossed-Slitsnosaic[12,18],
asshowvn in Figure 7-a. We found that the differencesn
distortionswith circular cameramotion are not as signi -
cantaswith linear cameramotion, asthe raysin this case
arebundledtogethertto begin with. Furthermorein thecase
of non-lineartrajectory thedistortionis alsoaffectedby the
factthatthe manifoldis non-planarthis kind of distortion,
which (unlike perspectiity distortion) canbe treatedwith
2D warping,hasnot beendiscussedh this paper

6. Summary

Multi-perspectve mosaicingis a robust and ef cient tool
to summarizea video andto create3D visualizationsrom
a moving camera. In both applications,it is importantto
achieve least-distortednosaicsevenwhenthe 3D structure
of thescends unknovn. We have quanti ed theimagedis-
tortion and derived the optimal mosaic. Whenthe camera
moveson a linear trajectory the leastdistortedmosaicis
generateddy the linear samplingfunction with the maxi-
mal slope. This mosaicalso hasthe largestpossible eld
of view. Whenthe camerarajectoryis notlinear, theleast-
distortedmosaiccanbederivednumerically We foundthat
the distortionsare especiallysigni cant when cameratra-
jectoryis closeto linear.

While the scenedepthandcamergparametersvereused
in the analysis,the optimal samplingfunction is derived
without knowing the scenedepth. However, if someprop-
ertiesof the sceneareknown in advance,suchasa rough
depthestimatethey canbe usedto reducethe distortion,as
wasshovnin [12,18].
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Figure6: A comparison between diff erent strip sampling methods for stereo mosaics. The images should
be viewed in full color using anaglyphic 3D glasses.
saic (b) was generated by the optimal sampling function,
(pushbr oom mosaic).
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