NONUNIFORM IMAGE RECONSTRUCTION USING MULTILEVEL SURFACE INTERPOLATION

George Wolberg Department of Computer Science City College of New York New York, NY 10031

wolberg@cs-mail.engr.ccny.cuny.edu

ABSTRACT

This paper describes a fast algorithm for nonuniform image reconstruction. A multiresolution approach is formulated to compute a C^2-continuous surface through a set of irregularly spaced samples. The algorithm makes use of a coarse-to-őne hierarchy of control lattices to generate a sequence of surfaces whose sum approaches the desired interpolating surface. Experimental results demonstrate that high ődelity reconstruction is possible from a selected set of sparse and irregular samples.

1. INTRODUCTION

Nonuniform image reconstruction refers to the problem of őtting a smooth function through a nonuniform, or scattered, distribution of image samples. This subject is closely related to the general problem of scattered data interpolation, which is a subject is of practical importance in many science and engineering őelds, where data is often measured or generated at sparse and irregular positions. The goal of interpolation is to reconstruct an underlying function (e.g., surface) that may be evaluated at any desired set of positions. This serves to smoothly propagate the information associated with the scattered data onto all positions in the domain.

Despite a ŕurry of activity in this area, nonuniform image reconstruction remains a difőcult and computationally expensive problem. The vast literature devoted to this subject documents various approaches, many of which suffer from limitations in smoothness, time complexity, or allowable data distributions [2]. A trend in recent algorithms has been the use of hierarchical, or multiresolution, őltering to extend onto all positions the information known only at the sparse and irregular samples. Burt proposed hierarchical polynomial őt őltering to yield a multiresolution set of low-pass őltered images that can be combined to form a smooth surface passing through the original data

[1]. Mitchell proposed multistage őltering to handle highly variable sample density [6]. In that work,weighted-average őlters are repeatedly applied with ever-narrowing low-pass cutoff until the proper bandwidth for the display is reached.

This paper introduces a fast algorithm for constructing a C^2-continuous interpolation function from arbitrary scattered data. The algorithm applies an effective approximation technique to a hierarchy of control lattices to generate a sequence of functions whose sum approaches the desired interpolation function. The work is based on the multilevel approximation technique presented in [4] for image morphing, where multilevel B-splines were used to propagate user-speciőed values at scattered features across the image. Full details of the scattered data interpolation algorithm presented in this paper, including pseudocode, may be found in [5].

2. SURFACE APPROXIMATION Let Ω = {(x, y)|0 ≤ x < m, 0 ≤ y < n} be a rectangular domain in the xy-plane, where x, y are realvalued coordinates and m, n are integers. Consider a set of scattered image samples P = {(x_c, y_c, z_c)}, where z_c is the image intensity of a sample lying at position (x_c, y_c) in domain Ω. We formulate the reconstructed image to be a uniform bicubic B-spline surface passing through P . The B-spline surface is deőned by a control lattice Φ overlaid on domain Ω. Without loss of generality, we assume that Φ is an (m + 3) × (n + 3) lattice which spans the integer grid in Ω.

Let ϕ_{ij} be the value of the ij-th control point on lattice Φ, located at (i, j) for i = −1, 0, ..., m + 1 and j = −1, 0, ..., n + 1. The reconstructed function (surface) f is deőned in terms of these control points by

f(x, y) = 3X_{k=0} 3X_{l=0 Bk(s)Bl(t)ϕ(i+k)(j+l), (1)}

where i = ⌊x⌋ − 1, j = ⌊y⌋ − 1, s = x − ⌊x⌋, and t = y − ⌊y⌋. Bk and Bl are uniform cubic B-spline basis functions. They serve to weigh the contribution of each control point to f(x, y) based on its distance to (x, y). With this formulation, the problem of deriving function f is reduced to solving for the control points in Φ that best approximate the scattered data in P .

To determine the unknown control lattice Φ, we őrst consider one data point (x_c, y_c, z_c) in P . From Eq. (1), we know that function value f(x_c, y_c) relates to the sixteen control points in the neighborhood of (x_c, y_c). Without loss of generality, we may assume that (x_c, y_c) are chosen such that i = j = 0 in Eq. (1). Then, control points ϕ_{kl}, for k, l = 0, 1, 2, 3, must satisfy zc = f(xc, yc) = 3X_{k=0} 3X_{l=0 wklϕkl, (2)}

where w_{kl} = B_k(s)B_l(t) and s = x_c − 1, t = y_c − 1. There are many values for the ϕ_{kl}’s that satisfy Eq. (2). We choose one in the least-squared sense that minimizes

P3_{k=0} P3_{l=0 ϕ2kl. The solution is calculated as [3]:} ϕkl = wklzcP 3 a=0 P3_{b=0 w2ab} . (3)

Now, we consider all the data points in P . For each data point, Eq. (3) can be used to determine the set of 4 × 4 control points in its neighborhood. These neighborhoods may overlap for sufőciently close data points. They may assign different values to several shared control points. In general, we resolve multiple assignments to a control point ϕ by considering the data points in its 4 × 4 neighborhood. Only these points may inŕuence the value of ϕ by Eq. (3). For each of these points, Eq. (3) gives ϕ_{ij} a different value ϕc. To compromise among the values, ϕij is chosen to minimize error e(ϕ_{ij}) = P_c(w_cϕ_{ij} − w_cϕ_c)^2. The term (wcϕij − wcϕc) is the difference between the real and expected contributions of ϕ_{ij} to function f at (x_c, y_c). The least-squared solution is ϕij = Pc w^2cϕcP c w^2c . (4)

We shall refer to this B-spline approximation process as the BA algorithm.

The density of control lattice Φ overlaid on domain Ω directly affects the shape of approximation function f. As Φ becomes coarser, more data points lie in the neighborhood of a control point, thereby inŕuencing its value. This causes many data points to be blended together to yield a smoother shape for f at the expense of approximationaccuracy. However, as Φ becomes őner, the inŕuence of a data point is limited to smaller neighborhoods. This enables P to be more closely approximated, although f will tend to contain local peaks near the data points.

3. MULTILEVEL SURFACE INTERPOLATION A tradeoff exists between the shape smoothness and accuracy of the approximation function generated by the BA algorithm. In this section, we present a multiresolution algorithm to circumvent this tradeoff. The algorithm makes use of a hierarchy of control lattices to generate a sequence of functions f_k whose sum approaches the desired approximation function. In the sequence, a function from a coarse lattice provides a rough approximation, which is further reőned in accuracy by functions derived from őner lattices.

Consider a hierarchy of control lattices, Φ_0, Φ_1, ..., Φ_h, overlaid on domain Ω. We assume that the spacing between control points for the coarsest lattice Φ_0 is given and that the spacing is halved from one lattice to the next. Therefore, if Φ_k is (m_k + 3) × (n_k + 3) control points, the next őner lattice Φ_{k+1} will have (2m_k + 3) × (2n_k + 3) control points. The position of the ij-th control point in Φ_k coincides with that of the (2i, 2j)-th control point in Φ_{k+1}.

We begin the multilevel interpolation process by applying the BA algorithm to P with the coarsest control lattice Φ_0. The resulting function f_0 serves as a smooth initial approximation that possibly leaves large discrepancies at the data points in P . In particular, f_0 leaves a deviation Δ^1z_c = z_c − f_0(x_c, y_c) for each point (xc, yc, zc) in P . The next őner control lattice Φ_1 is then used to obtain function f_1 that approximates the difference P_1 = {(xc, yc, Δ^1zc)}. Then, the sum f_0 + f_1 yields a smaller deviation Δ^2z_c = z_c − f_0(x_c, y_c) − f_1(x_c, y_c) for each point (x_c, y_c, z_c) in P . We shall refer to this multilevel B-spline approximation process as the MBA algorithm.

For a level k in the hierarchy, we derive function fk by using control lattice Φk to approximate data Pk = {(xc, yc, Δkzc)}, where Δkzc = zc − Pk�^1i_{=0} fi(xc, yc) = Δ^k�^1z_c − f_k�_1(x_c, y_c), and Δ^0z_c = z_c. This process starts from the coarsest lattice Φ_0 and continues incrementally to the őnest lattice Φ_h. The őnal interpolation function f is deőned as the sum of functions f_k, i.e., f = P^h_{k=0} f_k. Note that only the coarsest lattice Φ_0 is applied to the original data P to derive the global shape of function f. All successively őner lattices serve to approximate and remove the residual error. In this manner, we have an incremental solution for function f that yields a smooth interpolation to P . Note that interpolation is actually achieved once sufőciently őne lattices are introduced to remove all residuals.

4. EXAMPLES

Consider a set of nonuniform samples taken from an image. Reconstruction refers to the interpolation necessary to recover the image from its samples. A robust solution to this problem is of great practical importance in image compression. Signiőcant data reduction is possible by representing a full image with only a few scattered samples. We now address this problem by interpreting a grayscale image as a surface, where the value of each pixel represents its height. Image reconstruction from nonuniform samples is then cast into a surface őtting framework that can be solved with the MBA algorithm.

Consider the image in Fig. 1(a). To derive a set of nonuniform samples, we őrst apply an edge detector to the image and threshold the result to identify edges. These edge contours consist of an important set of pixels which capture the visual details of the image. Due to their rather arbitrary deőnition and distribution, edges alone are not sufőcient to recover the image. Therefore, we also sample the image on a coarse regular grid to properly reconstruct the parts of the image where there are no nearby edge points. The positions of the sampled pixels are shown in Fig. 1(b). For the purpose of this example, we used a uniform sampling rate of one sample per six pixels along both directions. In order to demonstrate the role of bothsets of samples (edges and lowres uniform samples), we applied the MBA algorithm to both sets separately to reconstruct the images shown in Figs. 1(c) and 1(d), respectively. Note that neither of these two images is adequate. They both, however, complement each other, i.e., one accurately resolves the high frequencies and the other only resolves low frequencies. When the MBA algorithm is applied to all samples depicted in Fig. 1(b), the surface in Fig. 1(e) is őtted. The reconstructed image that corresponds to this surface is shown in Fig. 1(f).

Large data reduction is achieved here. The dimensions of the original image in Fig. 1(a) is 360 × 243. The number of sample points in Fig. 1(b) is 7301, of which 4984 lie upon the edge contours. Therefore, sample points constitute only 8.3% of the total number of pixels in the original image. Fig. 1(f) demonstrates that the MBA algorithm can adequately reconstruct an image from a proper set of samples. The original and reconstructed images are visually indistinguishable.

5. CONCLUSIONS

This paper has presented a fast algorithm for nonuniform image reconstruction. The algorithm is based on multilevel surface interpolation. A B-spline control lattice is efőciently determined by minimizinga local approximation error for each control point. The resulting C^2-continuous function passes near densely distributed data points and interpolates isolated points. However, a tradeoff exists between the shape smoothness and approximation accuracy of the function, depending on the control lattice density.

Multilevel B-spline approximation was introduced to circumvent this tradeoff. The algorithm makes use of a hierarchy of control lattices to generate a sequence of functions whose sum approaches the desired approximation function. In the sequence, a function from the coarsest control lattice provides an initial estimate, which is further reőned in accuracy by functions derived at őner levels.

We also presented a sufőcient condition for multilevel B-spline approximation to generate an interpolation function through scattered data points. Interpolation is achieved when the control point spacing in the őnest lattice becomes sufőciently small relative to the data distribution.

The scattered data interpolation technique introduced here was demonstrated for image reconstruction from nonuniform samples. We have demonstrated that high ődelity image reconstruction is possible from a selected set of sparse and irregular samples. The algorithm may play a signiőcant role in data compression. Future work will address techniques to uniquely determine a minimal set of samples necessary to achieve high quality reconstruction within a speciőed error tolerance.

REFERENCES [1] Burt, Peter J. Moment Images, Polynomial Fit Filters, and the Problem of Surface Interpolation. Proc. IEEE Conf. on Computer Vision and Pattern Recognition (1988), 144ś152.

[2] Hoschek, Josef, and Dieter Lasser. Computer Aided Geometric Design. AK Peters, Ltd, Wellesley, MA, 1993.

[3] Hsu, William M., John F. Hughes, and Henry Kaufman. Direct Manipulation of Free-Form Deformations. Computer Graphics (Proc. SIGGRAPH ’92) 26, 2 (1992), 177ś184.

[4] Lee, Seungyong, George Wolberg, Kyung-YongChwa, and Sung Yong Shin. Image Metamorphosis With Scattered Feature Constraints. IEEE Trans. Visualization and Computer Graphics 2, 4 (1996), 337ś354.

[5] Lee, Seungyong, George Wolberg, and Sung Yong Shin. Scattered Data Interpolation With Multilevel B-Splines. IEEE Trans. Visualization and Computer Graphics 3, 3 (1997).

[6] Mitchell, Don P. Generating Antialiased Images at Low Sampling Densities. Computer Graphics (Proc. SIGGRAPH ’87) 21, 4 (1987), 65ś72.

(a) original image (b) sample points

(c) reconstruction from edges (d) reconstruction from coarse grid

(e) reconstructed surface (f) reconstructed image

Figure 1: Image reconstruction example