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Objectives

• This lecture reviews Fourier transforms and 
processing in the frequency domain.

- Definitions
- Fourier series
- Fourier transform
- Fourier analysis and synthesis
- Discrete Fourier transform (DFT)
- Fast Fourier transform (FFT)
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Background (1)

• Fourier proved that any periodic function can be expressed 
as the sum of sinusoids of different frequencies, each 
multiplied by a different coefficient. → Fourier series

• Even aperiodic functions (whose area under the curve is 
finite) can be expressed as the integral of sinusoids 
multiplied by a weighting function. → Fourier transform

• In a great leap of imagination, Fourier outlined these results 
in a memoir in 1807 and published them in La Theorie
Analitique de la Chaleur (The Analytic theory of Heat) in 
1822. The book was translated into English in 1878.
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Background (2)

• The Fourier transform is more useful than the Fourier series in most 
practical problems since it handles signals of finite duration.

• The Fourier transform takes us between the spatial and frequency 
domains.

• It permits for a dual representation of a signal that is amenable for filtering 
and analysis.

• Revolutionized the field of signal processing.
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Example
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Useful Analogy

• A glass prism is a physical device that separates light into various color 
components, each depending on its wavelength (or frequency) content.

• The Fourier transform is a mathematical prism that separates a function 
into its frequency components.



7Wolberg: Image Processing Course Notes

Fourier Series for
Periodic Functions
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Fourier Transform for
Aperiodic Functions
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Fourier Analysis and Synthesis

• Fourier analysis: determine amplitude & phase shifts
• Fourier synthesis: add scaled and shifted sinusoids together
• Fourier transform pair:
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Fourier Coefficients

• Fourier coefficients F(u) specify, for each frequency u, 
the amplitude and phase of each complex exponential.

• F(u) is the frequency spectrum.
• f(x) and F(u) are two equivalent representations of the 

same signal.
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1D Example
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2D Example



13Wolberg: Image Processing Course Notes

Fourier Series (1)

For periodic signals, we have the Fourier series:
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Fourier Series (2)
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Fourier Series (3)

• The Fourier transform is applied for aperiodic signals.
• It is represented as an integral over a continuum of frequencies.
• The Fourier Series is applied for periodic signals.
• It is represented as a summation of frequency components that are 

integer multiples of some fundamental frequency.
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Example
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Discrete Fourier Transform

for 0 ≤ u ≤ N-1 and 0 ≤ x ≤ N-1 where N is the number of equi-spaced 
input samples.
The 1/N factor can be in front of f(x) instead.
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Fourier Analysis Code

• DFT maps N input samples of f into the N frequency terms in F.

for(u=0; u<N; u++) { /*compute spectrum over all freq. u */
real = imag = 0; /*reset real, imag component of F(u)*/
for(x=0; x<N; x++) { /* visit each input pixel */

real += (f[x]*cos(-2*PI*u*x/N));
imag += (f[x]*sin(-2*PI*u*x/N));
/* Note: if f is complex, then
real += (fr[x]*cos()-fi[x]*sin());
imag += (fr[x]*sin()+fi[x]*cos());
because (fr+ifi)(gr+igi)=(frgr-figi)+i(figr+frgi)
*/

}
Fr[u] = real / N;
Fi[u] = imag / N;

}
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Fourier Synthesis Code
for(x=0; x<N; x++) {/* compute each output pixel */
real = imag = 0; /* reset real, imaginary component */
for(u=0; u<N; u++) {

c = cos(2*PI*u*x/N);
s = sin(2*PI*u*x/N); 
real += (Fr[u]*c-Fi[u]*s);
imag += (Fr[u]*s+Fi[u]*c);

}
fr[x] = real; /* OR f[x] = sqrt(real*real + imag*imag);
fi[x] = imag;

}
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Example: Fourier Analysis (1)
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Example: Fourier Analysis (2)
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Summary

Note: i=-1,   = 2/T,  s[n]=s(tn),  N = # of samples 
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2D Fourier Transform












dxeevuFdxevuFyxfvuFF

dxeeyxfdxeyxfvuFyxfF
vyiuxivyuxi

vyiuxivyuxi





22)(21

22)(2

),(),(),()},({

),(),(),()},({

Continuous:

Separable: F(u, v) = F(u)F(v)
Discrete:

)(21

0

)(21

0

1

0

1

0

)(2

)(21

0

)(21

0

1

0

1

0

)(2

),(),(),(

),(11),(1),(

M
vyiM

y

N
uxiN

x

N

x

M

y

M
vy

N
uxi

M
vyiM

y

N
uxiN

x

N

x

M

y

M
vy

N
uxi

eevuFdxevuFyxf

eeyxf
NM

dxeyxf
MN

vuF









































 

 























24Wolberg: Image Processing Course Notes

Separable Implementation
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The 2D Fourier transform is computed in two passes:
1) Compute the transform along each row independently.
2) Compute the transform along each column of this intermediate result.
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transform each column of intermediate result
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Properties

• Edge 
orientations in 
image appear in 
spectrum, 
rotated by 90°.

• 3 orientations are 
prominent: 45°,
-45°, and nearly 
horizontal  long 
white element.
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Magnitude and Phase Spectrum

Mad.bw Magnitude Phase

Mandrill.bw Magnitude Phase

2D-Fourier 
transforms
example
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Role of Magnitude vs Phase (1)

Pictures reconstructed
using the Fourier phase
of another picture

Rick                           Linda

Mag{Linda}
Phase{Rick}

Mag{Rick}
Phase{Linda}
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Role of Magnitude vs Phase (2)

PhaseMagnitude
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Noise Removal
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Fast Fourier Transform (1)

• The DFT was defined as:

Rewrite:
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Fast Fourier Transform (2)

• Wnk can be thought of as a 2D 
array, indexed by n and k.

• It represents N equispaced 
values along a sinusoid at each 
of N frequencies.

• For each frequency n, there are 
N multiplications (N samples in 
sine wave of freq. n). Since 
there are N frequencies, DFT: 
O(N2)

• With the FFT, we will derive an 
O(N logN) process.

n
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Computational Advantage
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Danielson–Lanczos Lemma (1)
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Danielson–Lanczos Lemma (2)

nth component of F.T. of length N/2 formed from the even components of f
nth component of F.T. of length N/2 formed from the odd components of f
Divide-and-Conquer solution: Solving a problem (Fn) is reduced to 2 smaller ones.
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Danielson–Lanczos Lemma (3)
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Main Points of FFT
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FFT Example (1)

10 15 20 25 5 30 8 4

10 20 5 8 15 25 30 4

10 5 20 8 15 30 25 4

10 5 20 8 15 30 25 4

e o

o

oo

o o o

ee

eeee

eee eeo eoe eoo oee oeo ooe ooo
000 001 010 011 100 101 110 111

• Input: 10, 15, 20, 25, 5, 30, 8, 4
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FFT Example (2)
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Weights

• DFT is a convolution with kernel values e-i2πux/N

• These values are derived from a unit circle.
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DFT Example (1)

• Input: 10, 15, 20, 25, 5, 30, 8, 4
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DFT Example (2)
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